In eukaryotes, the endoplasmic reticulum (ER) serves as the first membraneenclosed organelle in the secretory pathway, with functions including protein folding, maturation, and transport. Molecular chaperones, of the Hsp70 family of proteins, participate in assisting these processes and are essential to cellular function and survival. BiP is a resident Hsp70 chaperone in the ER of Saccharomyces cerevisiae. In this study we have created a partial differential equation (PDE) model to examine how BiP interacts with the membrane-bound co-chaperone Sec63 in translocation, a process in which BiP assists in guiding a nascent protein into the ER lumen. We found that when Sec63 participates in translocation through localization at the membrane, the spatial distribution of BiP is inhomogeneous, with more BiP at the surface. When translocation is inhibited through a disabling of Sec63's membrane tether, the concentration of BiP throughout the ER becomes homogeneous. Our computational simulations suggest that Sec63's localization and the resulting binding to BiP near the membrane surface of the ER enable a heterogeneous distribution of BiP within the ER, and may facilitate BiP's role in translocation.
Introduction
Molecular chaperones participate in a wide range of processes essential to cellular function and survival. Found in all organisms, and ubiquitously distributed in the major compartments of eukaryotic cells, most are intricate players in the response to cellular stress [1] . Hsp70s assist in protein folding and maturation, assembly or disassembly of complexes, ribosomal RNA processing, translocation of newly synthesized proteins, suppression of aggregation, and protein degradation. The versatility among molecular chaperones is intriguing, for they have a single purpose: to bind protein substrates. The very high degree of conservation among Hsp70 proteins may favor a unique molecular mechanism common to all, whereas functional differences may depend on modulating co-chaperones such as Hsp40s and nucleotide exchange factors (NEFs) [2] . This phenomenon of a protein having multiple, sometimes competing functions, indicates a high level of systems control.
In the lumen of the endoplasmic reticulum (ER), a network of chaperones and cofactors ensures the proper folding of secretory proteins. One of the most abundant proteins of the ER is the Hsp70 molecular chaperone, BiP. Through biochemical and genetic experiments, BiP has been identified in critical cellular processes including protein translocation of newly synthesized precursors across the ER membrane, folding and maturation, karyogamy, and ERAD (ERassociated degradation) where unfolded or abnormally folded proteins are sent back to the cytosol for degradation [3] [4] [5] [6] [7] . Like other Hsp70 chaperones, BiP assists the folding of a protein by repeated ATP-controlled cycles of binding and release. Co-chaperones, such as Hsp40s, stimulate the binding of molecular chaperones to the substrate and regulate chaperone activities [8] . In the ER of S. cerevisiae, co-chaperone Sec63 directly interacts with BiP, increasing its affinity for the nascent proteins proceeding through the translocation pore ( Figure 1 ). Simultaneously within the ER lumenal environment, co-chaperones Scj1 and Jem1 associate with BiP during the processes of protein maturation and karyogamy, respectively [6, 7, 9] . BiP, Jem1, and Scj1 are all involved in the degradation of aberrant soluble proteins through ERAD [10] . As illustrated in Figure 1 , Sil1 and Lhs1 are the nucleotide exchange factors (NEF) that play key roles in these processes by triggering substrate release [11, 12] .
The regulation of Hsp70-Hsp40-NEF interactions is best understood for Escherichia coli homologues DnaK, DnaJ, and GrpE. Mechanistic details have been experimentally explored and mathematically modeled [13] [14] [15] [16] [17] [18] [19] . Yet, E.
coli is an organism that does not consist of membrane-bound compartments to perform distinct cellular functions. Additionally, many chaperone-mediated processes involve spatial aspects, such as the subcellular localization of messenger RNA leading to translation of their encoded proteins [20] ; subcompartments of the nucleus implicated in the processes of transcription and splicing [21, 22] ; and the spatial localization of BiP at the ER membrane maintaining the permeability barrier during protein translocation [23] .
Yeast, S. cerevisiae, is a simple eukaryotic organism that compartmentalizes selective processes and protein-protein interactions to specified organelles.
Proteomic studies have verified the location of ER-resident proteins of S. cerevisiae and identified absolute levels of protein expression [24, 25] . These data suggest that the concentration of BiP exceeds the level of co-chaperones by at least an order of magnitude at normal growth conditions, and is significantly up-regulated during quality control mechanisms of the cell including the heat shock response (HSR) and unfolded protein response (UPR) [26, 27] . It is also known that multiple BiPs can bind to substrates with varying affinities [28] .
Experimentally, the co-chaperone Sec63 must be spatially localized at a suborganelle level -the ER membrane -in order for translocation to occur [29] .
Given this evidence, we hypothesize that the spatial localization of BiP and interactions with co-chaperones regulate its diversity and functionality in the ER of S. cerevisiae.
The remainder of the paper is organized as follows: in Section 2, we describe our model development. The results of our simulations are presented in Section 3. In Section 4, we examine the sensitivity of our model to parameter perturbations.
Models
Modelers have attempted to discern the role of Hsp70 chaperones in assisting and accelerating translocation of proteins across membranes of organelles, specifically the ER and mitochondria of S. cerevisiae. Previous work has focused on transport mechanisms, including either the Brownian ratchet model [30] , comparison to the power stroke model [31, 32] , or a unifying mechanism of both termed entropic pulling [2] . We have examined the significance of spatial effects between BiP and the ER membrane co-chaperone Sec63 and implemented the reaction rates associated with previous models that evaluate a nascent protein as it transits through the translocation pore. Specifically, we are interested in how the BiP-Sec63 interaction enhances translocation of the nascent protein.
Experiments exploring the BiP-Sec63 interaction in vitro suggest that Sec63 acts as an anchor to localize BiP within the proximity of the translocation channel, and accelerates the transit of a peptide through the membrane pore by regulating ATP hydrolysis of the chaperone [3, 29] .
This work implements the experimental evidence [11, 12, [33] [34] [35] [36] [37] [38] with the added spatial component including the ER membrane and lumenal regions.
Developing spatially-relevant models is important as in vivo experiments such as single particle tracking (SPT) and technology advancements in fluorescence imaging begin to capture spatial effects of protein localization (reviewed in [39] ).
Estimates of species concentrations have been determined for S. cerevisiae [25] as well as binding affinities between BiP, Sec63, and synthetic peptides [34, 35] .
When experimental data was not available, as in the case of the interactions between NEFs, Sil1 and Lhs1 and BiP, established estimates from the mammalian literature were used (Supplementary Material).
Our goal is to use modeling to better understand the role of Sec63 in parti-tioning of BiP within the ER. To this end, we first constructed an ODE model to examine the reaction pathways and then extended this system to a PDE model in order to capture the spatiotemporal dynamics.
Model Descriptions

Core ODE model
Our core model is described by a system of ordinary differential equations. It Table 1 .
Under physiological conditions, BiP preferentially binds to ATP (X 1 ) and associates with either unfolded proteins in the lumen or nascent proteins of the translocon (Fig. 1 ). BiP's interaction with unfolded proteins can occur in the presence or absence of co-chaperone mediation (X 1 → X 6 ) [34, 36] where BiP preferentially binds to hydrophobic residues [28, 41] . ATP hydrolysis ensues (X 6 → X 7 ), trapping the peptide to form X 7 . Due to low intrinsic rates of bound peptide released from the chaperone complex, nucleotide exchange factors further accelerate the cycle of protein folding (X 7 → X 5 → X 1 ). The conventional mechanism of translocation proceeds with the binding of the cochaperone Sec63 to BiP (X 2 ) which synergistically stimulates peptide binding (X 3 ) and ATP hydrolysis (X 4 ). This coupling effect has been shown to mediate the molecular trapping of proteins that BiP would not bind on its own [34, 35] .
However, it is also plausible that BiP could initially bind to the unfolded pro-tein and then sequentially associate with its co-chaperone during translocation.
This scenario is represented in states X 1 → X 6 → X 3 .
We have assumed that a single BiP is activated per Sec63 molecule located at the ER membrane. In vitro studies have indicated that the BiP-Sec63 interaction occurs transiently, and suggest that one Sec63 molecule could potentially activate at least ten BiP molecules [34] . On average, E. coli experiments have determined that incoming proteins present a new Hsp70 binding site every 25 to 35 amino acids [42] which is consistent with S. cerevisiae literature that estimates a minimum of six to seven molecules of BiP bound to the endogeneous protein, ppαF [43] . For simplicity, our model assumes a 1:1 stoichiometry between BiP and unfolded proteins as well as between BiP and Sec63.
Simulations were realized until the values reached a steady-state level and then the final species concentrations were obtained for a range of initial conditions. We found that when the total amount of BiP is low, the Sec63-dependent pathway (Fig. 2 , outer loop) accounted for most of the bound BiP. As the total amount of BiP in the system was increased, the Sec63-dependent pathway (Fig. 2, diagonal ) dominated, and states such as BiP-U-ATP (X 6 ) accounted for most of the BiP. The latter result confirmed an important point: that BiP strongly interacts with unfolded protein, although it should be mentioned that the association rate to form X 6 was chosen on the higher end of the range of experimental data [19] . This core ODE model served as a description of reaction kinetics between BiP, Sec63, and unfolded protein, and was a building block for constructing a spatially-dependent model describing chaperone interactions in the ER. Details of the model are summarized in the Supplementary Material.
PDE Model
We constructed a PDE model, making use of the reaction kinetics from the ODE model, to determine the spatial distribution of BiP in the ER. The model incorporates: (1) chemical reactions representing transitions between states in the ODE system that take place on the inner membrane, and (2) diffusion into the lumen of the ER. This spatially dependent system of equations was approximated by the method of finite differences ( Figure 3 ). The irregular geometry of the ER was simplified to a sphere (surrounding a spherical nucleus) and assumed to be symmetric. With these assumptions, the (time-dependent) system can be modeled in one spatial dimension. We believe a PDE model is justified because BiP and (wild-type) Sec63 have a localized interaction at the membrane that precludes a well-mixed system.
We define the membrane-associated zone as the membrane portion of the ER where protein-protein interactions take place between BiP and the other proteins in the system. Images attained by electron microscopy (EM) show that the membrane has a defined thickness [44] , shown as 35 nm in Figure   3 . Sec63 spans the membrane [45] and associates with the Sec61-constituted pore channel [46] . We do, however, consider the entire region as well-mixed, represented by the boundary condition of the PDE.
The rate of change of the concentration of species k is the sum total of the concentrations of the free and bound species plus the diffusion in the interior.
Reactions and (one-dimensional) diffusion occurs in the lumen
with the nuclear-ER boundary condition given by
Here, C z,k is the membrane-associated zone concentration and C l,k represents the concentration in the lumen for diffusing species k. If this species exists only in the membrane-associated zone, then this term is absent. D is the diffusion coefficient (assumed to be the same for all ER lumenal species), and R k is the reaction term for species k. L z is the length of the membrane-associated zone (in one dimension), and L l is the annular radius of the lumen. The variable
x represents the distance from the membrane-associated zone for a particular point on the grid.
Discretizing in space, we obtain
. . .
where C i l,k represents the concentration of species k at grid point i in the lumen, and ∆x is the spatial separation between two consecutive grid points. The boundary at x = 0 is the ER membrane, and the boundary at x = L l is the nucleus. Given this formulation, the concentration of each species is tracked spatially and temporally.
Several assumptions were made to simplify the model and approximate the dynamics of the system. Reactions can occur in both the membrane-associated zone and the lumen. We define unfolded proteins as one species without distinguishing between proteins diffusing in the lumen from those transiting the translocation pore. Loss of proteins at the translocon (due to completed translocation) is offset by a production reaction (∅ → U ) that allows for replenishment of the U pool. Thus, the total amount of unfolded protein in the model remains constant.
3 Simulation Results
Model Scenarios
Three scenarios were constructed to simulate different conditions in the ER.
In each scenario, different species were allowed to diffuse in the lumen. In our model, we assume that if all the constituent species in a bound state can diffuse in a particular scenario, then the bound state can diffuse as well. The scenarios are:
(1) The wild-type case that assumes that ER-resident chaperone BiP, nucleotide exchange factors Sil1 and Lhs1, soluble U, and selective complexes, diffuse freely throughout the lumen [11, 37, 47, 48] . Sec63 is an integral membrane protein and therefore remains embedded in the ER lipid bilayer [49] . It should be noted that only scenario one represents physiological conditions. Scenarios 2 and 3 are special conditions that have been experimentally obtained using either protein variants or thermosensitive yeast strains. The species and states that diffuse in each scenario are given in Table 2 .
Ratio Metric
From the ER PDE model, we determined the ratio of total BiP concentration localized to the membrane-associated zone compared to the total BiP concentration of the interior. This metric gives an indication of BiP's spatial localization within the ER sub-compartments. The default scenario is to tether Sec63 to the membrane, while BiP, NEF and U are allowed to diffuse. From these scenarios, one can make predictions of the importance of these species on translocation. This is described by the equation:
where the subscript z means the membrane-associated zone and l means the lumen. At steady-state, the concentrations of diffusing species in the membraneassociated zone and the lumen are the same, with the concentration of the nondiffusing species on the membrane-associated zone determining the divergence of the BiP ratio from unity.
Model Results
Using the DASPK ODE/DAE solver [52] , we ran simulations for each of the scenarios until steady-state (t = 10 5 s). The system starts from conditions where all proteins are free and present in the membrane-associated zone. Diffusion is fast, equalizing gradients across the ER. Reactions then occur in the membrane-associated zone and in the lumen on a slower time scale. We analyzed the concentration of each state in the membrane-associated zone and at interior grid points and then calculated the ratio of total BiP concentra-tion in the membrane-associated zone compared to the total BiP concentration in the lumen. Simulations accounted for total Sec63 ranging from 10, 000 to 25, 000 molecules while BiP and NEF concentrations were varied from 10 4 to 10 6 molecules. These initial conditions were based on a range around populations given in the Yeast Genome Database [25] . The amount of total unfolded protein (U) was 10 5 molecules (in Section 4, Sensitivity Analysis).
When Sec63 is appropriately integrated in the membrane, BiP preferentially remains in the membrane-associated zone (Figure 4) , resulting in an inhomogeneous distribution throughout the ER. This is expected from the model since BiP is reacting in the membrane-associated zone and forming non-diffusing species. When Sec63 is allowed to diffuse or is removed from the system entirely,
BiP is uniformly distributed in the ER, resulting in a BiP ratio (Equation 7) of one for all total values of Sec63 and BiP. Thus, when translocation is inhibited, the concentration is homogeneous. When total BiP levels are low, most of it is involved in translocation, so the BiP ratio is high (left side of Fig. 4 graph) .
In the limit of high BiP levels, relatively less BiP is used in translocation, so its distribution tends towards homogeneity (right side of Fig. 4 graph) . This calculation was initially performed with 11 spatial grid points and repeated for several grid sizes in order to increase the resolution of our results (e.g. up to 1000), yielding identical results for the ratios.
We examined the results of an ODE model to describe the impact of the interaction between BiP and Sec63 on the chaperone distribution in the ER. In this model, we assumed that fast diffusion produced a well-mixed system for all species. We then scaled the concentrations of Sec63-derived states (i.e. X2, X3, and X4) with respect to the volume of the membrane-associated zone and the concentrations of the remaining states using the combined volume of the membrane zone and lumen. The calculation of the BiP ratio then proceeded as defined in the last section.
In comparison with the PDE model, we found that this modified ODE model resulted in a higher BiP ratio at low total BiP populations as shown in for all protein species, as summarized in Table 3 . The resulting BiP ratio for variation in Sec63 is given in Figure 4 . We also examined a range of 10, 000 to 150, 000 unfolded proteins in our simulations. The ratio results for U are shown in Figure 5 . An upper limit for U came from Surface Plasmon Resonance (SPR) experiments [35] using the peptide p15 at 2 mM or roughly 4 × 10 6 molecules in the ER. We found that this value of estimated protein concentration resulted in less than a one percent deviation in the BiP ratio from our standard conditions (at 100, 000 molecules, data not shown). Most of the U binds with free BiP, but the vast excess remains free and is not a factor of the BiP ratio calculation.
Overall, our simulations with the aforementioned Sec63 and U concentrations have confirmed our previous result that when BiP levels are low, the BiP ratio is high and is affected by the amount of Sec63 in the system. As BiP levels are increased, the BiP ratio becomes insensitive to changes in all initial conditions.
We next considered the binding rate between BiP and U as variable parameters (kinetic parameters k 2 and k 7 , Figure 6 ). BiP interacts with varying affinities to numerous types of unfolded proteins in the ER and these interactions are dependent on the exposed hydrophobic residues of the unfolded proteins [41] .
Multiple BiPs can bind to a single translocating protein resulting in stoichiometric effects on the reaction, impacting the overall rate as well [30] . We varied the association rates over five orders of magnitude and recorded the BiP ratio for each simulation. As the association rate between BiP and U increases, there is less of these species in the free (as opposed to bound) state, but this does not affect the total amount of BiP bound to Sec63 at the membrane. Therefore, we found that the BiP ratio was essentially the same for all kinetic values.
We examined the effect on the BiP ratio given a change in the Sec63 dissociation rate from the trimeric complex of BiP, Sec63, and U ( Figure 7 ). This is described by the kinetic rate constants k 5 and k that Sec63 may have a more transient interaction with BiP, which would allow for higher translocation efficiency. We increased the Sec63 dissociation rate ten, one hundred, and a thousand fold, and found that the BiP ratio decreased at low levels of BiP and Sec63. We surmise this is due to translocating protein being shuttled out of the Sec63-dependent pathway at a faster rate, which in the wild-type scenario accounts for the excess BiP on the membrane.
These results were also verified by local sensitivity analysis. Using SUNDI-ALS [59] , we computed the sensitivities of the BiP ratio to perturbations of the reaction-rate parameters. If the BiP ratio is defined as a function G, by the chain rule we get the derived function, dG dp
where C and p represent the states and parameters, respectively. The derivative ∂C/∂p is the standard sensitivity matrix while the second term ∂G/∂p equals zero because the BiP ratio has no explicit dependence on parameters. The BiP ratio sensitivities are then scaled by the BiP ratios and parameter values to allow for comparison. The results are summarized in Table 4 .
We took the minimum and maximum of 13 sets of initial conditions as defined in the last section as the range of our sensitivities. We then ranked the parameters by their maximum and calculated the mean of the ensemble. As Table 4 illustrates, the BiP ratio is robust to perturbations in parameters. 
Conclusion
We have developed a spatial PDE model describing the chaperone activity in the ER of S. cerevisiae through reaction-diffusion equations. From the simulations, we found that the concentration of BiP in the system was inhomogeneous, with the concentration being greater on the membrane, particularly as BiP levels in the ER decrease. Our simulations showed, however, that when Sec63 was untethered and allowed to diffuse freely into the lumen, the BiP distribution was homogeneous. This is consistent with the absence of BiP (translocation failure) at the membrane observed experimentally in this situation. Sec63's localization and functional interaction with BiP in translocation provides an explanation for BiP's heterogeneity in the ER.
Tables
State Number State Name
BiP-U-ADP States that remain in the membrane-associated zone (M) are shaded in gray while those states that can diffuse into the lumen as well (ML) are unshaded.
Black represents states that are not present in the scenario.
Species Initial Population Range
BiP 10,000-1,000,000 Sec63 10,000-25,000 NEF 10,000-1,000,000 U 10,000-150,000 Table 3 : Range of initial populations for protein species
Parameter Max dG/dp Min dG/dp Mean dG/dp k 5 2.67 × 10 show three sets of different total Sec63 populations (10,000, 17,700, and 25,000 molecules). When Sec63 is allowed to diffuse (Scenario 2) or is removed from the system (Scenario 3), the BiP ratio is uniformly one. Supplementary Material S1 Estimations
S1.1 Spatial Parameters
Johnson and colleagues have demonstrated that BiP seals the translocation pore until the translocating peptide extends 50 amino acids into the ER lumen [1] . This observation corresponds to a peptide that extends 17.5 nm (0.35 nm per residue) from the translocation pore into the ER lumen. We have approximated a two-fold increase in the depth of the membrane-associated reaction zone, defined as the regime where BiP, U, and Sec63 are interactive, resulting in a length L z of 35 nm.
We could not find a referenced value for the annular radius of the ER lumen. However, we believe it is justified to use the dimensions of the nuclear pore complex (NPC). The NPC functions as a conduit for molecular transport from the cytosol to the nucleus, and thus spans the depth of the ER. Based on studies of NPC structure [2] , a value of 110 nm served as an estimate for the length L l of the ER lumen.
The diffusion rate D for all species was set to the measured value of 0.45 µm 2 /s from fluorescence photobleaching (FRAP) measurements of GFP-tagged VSVG protein [3] .
S1.2 Kinetic Rate Constants
• k 1 for the binding of BiP to Sec63 was set to 2.44 × 10 4 M −1 s −1 , based on the interaction between heat shock proteins DnaK and DnaJ in E. coli [4] .
• k −1 for the dissociation of BiP from Sec63 was set to 0.0012 s −1 , based on the same experiments for determining k 1 [4] .
• k 2 for the Sec63-activated BiP binding with the unfolded protein was estimated to be 3.51 × 10 8 M −1 s −1 , based on fitting of data to the Brownian ratchet model with the protein ppαF interacting with BiP [5] .
• k −2 is the corresponding dissociation rate to k 2 using the same method, and was estimated to be 0.0277 s −1 [5] .
• k 3 , describing Sec63's association with the BiP-U-ATP complex, was calculated to be 1.9 × 10 2 M −1 s −1 , based on the literature value for k −3 and the equilibrium constant of 200 µM . This was based on BiP binding with a synthetic hydrophobic peptide p15 in the presence of ATP [6] .
• k −3 , describing the dissociation of Sec63 from BiP bound to unfolded protein in the presence of ATP, was taken to be 0.038 s −1 . This was based on BiP binding synthetic hydrophobic peptide p15 [6] .
• k 4 , representing the hydrolysis of the trimeric complex BiP-U-Sec63, was estimated to be 0.016 s −1 , based on the measured rate between murine BiP and the heptapeptide HD14 without the co-chaperone [7] .
• k 5 was estimated to be 0.0086 s −1 for the dissociation of Sec63 from BiP and U in the presence of ADP [6] .
• k 6 was estimated to be 5.3 × 10 5 M −1 s −1 from the association of human Hsp70 and murine nucleotide exchange factor BAG-1 in the absence of peptide [8] .
• k 7 representing the association of BiP and substrate in the presence of ATP was estimated to be 8.3 × 10 5 M −1 s −1 as calculated from fitting translocation time-course data to a Brownian ratchet model at a BiP concentration of 1µM [9] .
• k −7 for the dissociation of BiP and substrate (in the presence of ATP) was estimated to be 0.0277 s −1 , identical to k −2 [5] .
• k 8 for the hydrolysis of the BiP-U complex was taken to be 0.016 s −1 , the same as rate k 4 [7] .
• k 9 for the dissociation of BiP from NEF and U was estimated to be 0.267 s −1 from a similar interaction with human Hsp70 and murine nucleotide exchange factor BAG-1 in the absence of peptide [8] . 
